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ON k-NONCOLLAPSED COMPLETE NONCOMPACT SHRINKING GRADIENT 
RICCI SOLITONS WHICH SPLIT AT INFINITY 

BENNETT CHOW AND PENG LU 


Abstract. We discuss some geometric conditions under which a complete noncompact shrinking gra¬ 
dient Ricci soliton will split at infinity. 

Keywords, shrinking gradient Ricci soliton, Riemannian splitting. 


1. Introduction 

For complete noncompact shrinking gradient Ricci solitons (GRS), global splitting theorems have 
been proven by Lichnerowicz m), Fang, Li and Zhang ([9]) and Munteanu and Wang ([E], [T7]L 
In the more general context of Bakry-Emery manifolds, these works prove splitting theorems under 
the assumptions of the existence of geodesic lines and conditions on the potential functions /. As a 
special case, one recovers the splitting theorem of Cheeger and Gromoll ([3]) for complete noncompact 
Riemannian manifolds with nonnegative Ricci curvature. 

For complete noncompact shrinking GRS one may conjecture that their curvatures must be bounded, 
their Ricci curvatures cannot be everywhere positive, and either they split as the Riemannian product of 
M with a one-lower-dimensional shrinking GRS or they have quadratic curvature decay. This conjecture 
is known to be true in dimensions at most 3, where quadratic curvature decay implies being a Gaussian 
shrinker, but the conjecture remains open for dimensions at least 4. Evidence toward this conjecture 
are in the works of Ghen ([5]) and Gao and Zhou ([I]). 

In this paper, for K-noncollapsed complete noncompact shrinking GRS with bounded curvature, we 
discuss a splitting theorem at infinity (Theorem 13.11 below), a.k.a., dimension reduction (see Hamilton 

m § 22 ]). 

In the rest of this section we collect some elementary facts regarding shrinking GRS which will be 
used later, the reader may see [H §4.1] for more details. Let be a complete noncompact 

shrinking GRS with / normalized, so that 

(1-1) Rcg+Vlf = ^g and Rg + \Vgf\l = \f, 

where A G M+. Here and below, Rc, V^/, and R denote the Ricci tensor, Hessian of /, and scalar 
curvature associated to a Riemannian metric, respectively. In a later application, we shall rescale the 
A = 1 case. If (A4”',5,/) satishes Rcg-|-V?/ = ^g and Rg + = /, then {M, X~^g, f) satisfies 

RcA-ig +^l-igf = I • and R^-ig + = A/. 

Eor a shrinking GRS (A4”,5,/, A) we define diffeomorphisms : A4 —)■ A4 by 
(Vg/) {(ft (a;)) and (po = idM, t G (-oo, A"^). Let f{t) = f o ip^ and g{t) = (1 - Xt)ptg. Then g{t) is a 
solution to the Ricci flow, which satishes 

(1-2) ft'*'''’*) = (U) = 

(rs) + = 

(i.-i) 
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By a result of Cao and Zhou m and m ), for (Ai,g, f, A) we have the estimate 
(1.5) /(x) > i (x,0) - 5n)+) . 


2. Splitting at infinity for limits of shrinking GRS 


We say that a sequence , gi, fi, K, of pointed complete noncompact shrinking GRS is 

admissible if it satisfies the following conditions. 

(1) Rcg. +Vg./i = ^g, where 0 < A^ < A for some A < oo. 

(2) The fi are normalized by Rg. + |Vg./j|^. = Xifi. 

(3) Xidg^{xi, Oi) oo, where Oj is a minimum point of /*. 

(4) injg. (xj) > i, for some t > 0. 

(5) For any given radius p > 0, there exists a constant Ci{p) < oo such that 

(2.1) I Rm^. \g^{x) < Ci{p) for x G and for all i. 

(6) For any given p > 0, there is a constant C 2 {p) < oo such that Ricci tensor satishes |Vg. Rc^. |g. < 
C 2 {p) on the ball Bf'{xi) for each i. 

We say that a Riemannian manifold splits if it isometric to the product of a line and a Riemannian 
manifold. The reason we assume that the A* are bounded in the definition of admissibility above is 
that otherwise we would allow for rescalings of asymptotically conical shrinking GRS (although these 
are not counterexamples due to conditions 5 and 6), whose corresponding limits do not split. Such a 
splitting result iTheorem 12.21 below 1 is the main result of this section. 

We will need the following version of the compactness theorem for a sequence of Riemannian mani¬ 
folds. We assume the reader is familiar with the notion of pointed Cheeger-Gromov convergence. 


Theorem 2.1. Let {{M^-,gi-,xi)}’fLi he a sequence of pointed smooth complete Riemannian manifolds 
of dimension n. Suppose that: 

(a) the injectivity radius mig^{xi) > i for all I, where i is a positive constant; 

(b) (bounded curvature at bounded distance) given any p > 0, there is a constant Ci{p) such that the 
Riemann curvature tensors satisfy \ Rm^^ \gj < Ci{p) in the ball Bff {xj) for each I; and 

(c) given any p > 0, there is a constant C 2 {p) such that the Ricci tensors satisfy \Vgj Rcg^ \gj < C2{p) 
in the ball Bp^{xj) for each I. 

Then, for any a G (0,1), the sequence {(A4”,p/,x/)} subconverges in the pointed Cheeger- 
Gromov sense to a pointed (7^’“ complete Riemannian manifold (Al^, PcxD, ^^cxd)- 


Proof. By assumption (b) and a theorem of Cheeger, Gromov, and Taylor ([!]), we have the following. 
Given any p > 0 there is a constant lq = io{p,t.,n) > 0 such that the injectivity radius injg^(x) > lq 
for any x G Bp^{xi) and for any I. Fix an a G (0,1). Then we can use (b) and a theorem of dost and 
Karcher ([H]) to further conclude the following. There is a constant rg = ro(p, t, n) G {0, Lo{p, i,n)) 
such that, for each x G Bf,^ (xj), in harmonic coordinates on (x) the metric tensor coefficients {gi)ij 
satisfy the following estimates: 

(bl) The igi)ij on Rf;^/ 4 ( x) have uniformly (independent of I) bounded norms in the local 
harmonic coordinates. 

(b2) For each y G we have i^(<5jj) < {{gi)ijiy)) < 10(%). 

For any x G Bp^{xj) it follows from (bl), (b2), and assumption (c) that: 

(cl) The Ricci tensor coefficients {Iicgj)ij, in the harmonic coordinates on B^^^^^{x), have uniformly 
(independent of I) bounded C°‘ norm. 


Since Ricci tensor coefficients in harmonic coordinates are given by 


(Rc 




kl 


d^{9i)ij 


+ 


dx^dx^ 

where the dots indicate lower order terms involving at most one derivative of the metric ([8l Lemma 
4.1 ]), by the Schauder estimates for elliptic pde, (bl), (b2), and (cl), we have that: 
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(c2) The metric tensor coefficients {gi)ij, in harmonic coordinates, have uniform (independent of I) 
(7^’“ estimates on for any x E Bp^{xj). 

Note that Greene and Wu, and separately Peters (see Greene’s survey [lO]), proved the following 
theorem. If a sequence of Riemannian manifolds {{-MJ, gi)}f^i satisfies the following conditions: 

(al) the injectivity radius inj^^ > i > 0 for all I, 

(b3) for some constant Ci the Riemann curvature tensor | Rm^^^ \gj < Ci on Aij for each I, and 
(d) (uniformly bounded diameter) for some constant C 3 the diameter diam(A^/, gj) < C 3 for each I, 

then the sequence gi)} subconverges in the Gheeger-Gromov sense to a Riemannian 

manifold (A^^iffoo) of dimension n. 

If the Riemannian manifolds in Theorem O have uniformly bounded diameter, then we can use 
(c2) and the above compactness result to conclude Theorem 12.11 

If the Riemannian manifolds in Theorem [2T] do not have uniformly bounded diameter, then we can 
adjust slightly Hamilton’s proof of a compactness result for pointed Riemannian manifolds under the 
assumption that all derivatives of curvature tensor are bounded ([IS]) to address the noncompact limit. 
Regarding this, a key modihcation is to replace the normal coordinates used in constructing the limit 
manifolds by the harmonic coordinates constructed above. We omit the details here. □ □ 

Now we can prove a splitting theorem at infinity for the limit of a sequence of shrinking GRS. 

Theorem 2.2. Let {{Aif, gi, fi, Xi,Xi)} be an admissible sequence of pointed complete noncompact 
shrinking GRS. Let {Ai^,goo,Xoo) be the pointed Cheeger-Gromov limit of some subsequence of 
{(A^f, g'i, Xj)} given by Theorem, \2. 1[ Then {At'^,goo) is isometric to the product o/M with a complete 
Riemannian manifold {Af^~^,h). 

Remark 2.1. Note that h is possibly flat. In particular, this is true for noncompact shrinking GRS 
{{Ai'^,g, f,l,Xi)} with x* —)• 00 under condition that | Rc | ^ 0, m which case the shrinking GRS is 
asymptotically conical. 

Proof. Dehne the function 

rW (a;) == 2 X~^^‘^{^/Ji{x) - \/Ji{xi)) for x E Aii. 

Using the diffeomorphisms in the definition of Gheeger-Gromov convergence, we can transplant 
to a sequence of functions which are defined on balls Bp°°{xoo) C Aioo for arbitrary p > 0 , as long 
as we choose i large enough. The basic idea of the proof is that the limit of a subsequence of these 
transplanted functions provides the splitting of (Alocffoo)- A version of this idea was introduced in 
[U p. 383] by the first named author of this article. 

By (ll.ljl . the gradient of satishes 

= ( 

•j i 

since Rg. > 0 by Ghen |5|. Fix any p > 0 and let y E Bpflxi). Using (lESI), we have 
(2-2) fi{y) > ^ (^{Xy^dgfly,Oi) - 5n)+) 

- i Oi)-p)- 5n) 

^ \ {y^^dgflxi, Oi) - , 

for i large enough such that (x,, Oj) — A^^^p — 5n > 0. Here we have used A* < A. Hence, we 

have 

Bgjjy) ^ _ Clip) _ 

Kfliv) 1 - Xp-bnX^C^ 


-flf) 
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By the admissible assumption that Xidg^{xi, Oi) —>■ oo, we get that for any fixed p > 0 

lim sup = 0. 


Hence we get 
(2.3) 


lim sup |ciF(*)|g.(y) = 1. 


Next we consider the Hessian of In local coordinates and using we compute that 


V2 p(.i) 

- A-'/' 

Idfi^Sidfi 

'' 9i 

9i 

^ 1/2 2 j3/2 


= a: 


' 1/2 


“I" 2 


/, 


1/2 


9i 


ft 1^/4. 


2 f3/2 

' i 


< 


(Ai /,)‘/2 

Fix any p > 0 and let y E Bf-^Xi). Using (I2.2I1 . we have 


(2.4) 

Hence, we get 

(2.5) 


V 2 irW 
y^ 


9i 


iy)< 


Ci{p) + ^X 


5 {Xidg^{xi,Oi) - Xp-5n 


lim sup |V^,FW|g,(i/) = 0 


(xi) 


Thirdly, we consider the third covariant derivatives of Again, using local coordinates, we 

compute that 


V3 F® 

iJi 




9i 


'^tjkfi jkfi'^efi + + 3 VlfiVjfiVkfi 

jl /2 r) ^3/2 + 4 f5/2 


<a; 


1/2 I \'^9i^^9i\gi 




1/2 


+ 


2 /r^ ^ /, 

3(|R%U + 1#)|V,./.|„ 3|V,./.4 


9i 


VI 


3/2 


+ - 


4 f5/2 

•1 j 


3A/ (2| Rcgjg. + Ai(vTi + 1)) 

' v^ 


(\/*)V 2 

where we used Rcg. TV^./j = ^pi and |Vg./j|g, < Xift. Fix any p > 0 and let y E Bf{xi). Using (12.2h 
and condition 6 in the admissible assumption, we have 

C 2 {P) 


( 2 . 6 ) 


v3 

yt 


9i 


{v)< 


\ (^Xidg^ (xi, Oi) - Xp- bn) 

6Ui(p)A3/2 + 3(V^ + 1)A5/2 


+ 


{Xidg^ {xi, Oi) - Xp - 5nA^/^^ 


Hence, we get 
(2.7) 


lim sup \Vl.F^^\g,{y) = 0. 


^^°°yeBp{xi) 
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By the admissible assumption and Theorem 12.11 we know that {{M.i,gi,Xi)} subconverges to 
{Moo, doo, Xoo) in the (7^’“ Cheeger-Gromov sense for any a G (0,1). There exists an exhaustion 
{Ui} of Moo by relatively compact open sets and embeddings : Ui ^ Mi such that Ui C Gj+i, 
^i{x oo) — Xi^ and iQi y Qoo in the C ’ topology on any compact subset of J^A.oo‘ 

Let Qi = il^igi be metrics on Moo and let = FW o be the transplanted functions on A^oo- Fix 
any p > 0. By the convergence of gi to goo and by equations (12.3p . (|2.4I) . and (|2.6p . there is a constant 
Cs > 1 such that the following bounds hold for any y G Bp°°{xoo)'- 


( 2 . 8 ) 

— 0 ; 

(2.9) 

\dF%^{y)<Cs, 

( 2 . 10 ) 

V|F« (y) < — 

( 2 . 11 ) 

i( 

V|,fW (y) < , 

900 - 1 


C3(Ci(p) + ^A) 


C3C2(p) 


\ (Xi, Oi) - Xp- 


+ 


G3(6Gi(p)A3/^ + 3(V^+1)A^/^) 
(^Xidg^{xi, Oi) - Xp- 5nA^/^^ 


From ()2.8p and (12.9p . we know that and are uniformly bounded on {Bp°° (xoo), Poo)- 
In local coordinates, we compute that the components of Hessian are 


n 92 ^( 1 ) gpii) 

(2-12) (V^.F )kl = Q^kQ^l - 

By the C^’“ convergence of pi to poo, we know that the T^i{gi) are uniformly bounded on {Bp°° (xoo), ffoo), 
and hence the are uniformly bounded on (Fp°° {xoo),goo), so the are uniformly bounded 

on (F^°°(a:oo),£/oo). 

Equation (j2.11l) implies that components have uniformly bounded C" norm with respect 

to the metric poo- By (I2.12D and that the have uniformly bounded G" norm, we conclude 

that the are uniformly bounded in (7“ norm on {Bp°° {xoo), Poo), so the are uniformly 

bounded in the (7" norm on (xoo), 5 oo). 

Hence we can conclude that Fi®i subconverges to a function Fqq in the (7^’“ norm on {Moo, Poo)- 
It follows from (j2.3p . (12.5p . and (12.7p that the limit function Fqo on Adoo satisfies Foo{xoo) = 0, 
|VFoo|g^ = 1, and |V^Foo|^ = 0. This yields a Riemannian splitting for the limit. Note that if the 
metric Poo is smooth, then Fqo is also smooth. □ □ 


The following is a parabolic version of Theorem 12.21 under a stronger assumption. 

Corollary 2.1. Let {{M'^,gi, fi,Xi,Xi)} be a sequence of pointed complete noncompact shrinking GRS 
with fi normalized so that Rc^.+Vg./i = -^g, where 0 < A* < A for some A < 00 and where 
d^ 9 i + \'^ 9 ifi\‘gi ~ assume that the {Mf^Pi), i = 1 , 2 ,..., have uniformly bounded curva¬ 

tures I Rm^. \g^ < C < 00 and are uniformly K-noncollapsed {below a fixed scale) for some k > 0. Let 
{Mf,gi{t)) be the Ricci flow solution in canonical form associated to the shrinking GRS {Mf,gi,fi,Xi) 
as defined preceding dLSl). 

Then the sequence {{Mf,gi{t),Xi)} subconverges in the C°° pointed Gheeger-Gromov sense to an 
ancient solution of the Ricci flow {M'f^, goo{t),Xoo), t G (— 00 , A“^). Moreover, {M{^, goo{t)) is isomet¬ 
ric to the product o/M with a complete n-noncollapsed {below some fixed scale) Type I {at t = — 00 ) 
ancient solution {J\f^~^, h{t)). Note that h{t) is possibly flat. 

Proof. Since | Rm^. \g^ < C, from the discussion preceding (II.2p . we have 

C C 

I Ut) < - T^t' 
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By Shi’s derivative estimates, on any compact subinterval I of (— 00 , A“^) there exist constants Ck^n,i 
(independent of i) such that < Cn,k,l on M.i for A: E N, t G I, and all i. 

It follows from the uniformly K-noncollapsed assumption and the uniform curvature bound assump¬ 
tion that there is a constant i > 0 such that injg.(g)(xi) > i for all i. By Hamilton’s Cheeger- 
Gromov compactness theorem for solutions of Ricci flow and by passing to a subsequence if necessary, 
{(Ad”, g'i(t), Xj)}, t € (— 00, A“^), converges to an ancient solution goo{t),Xoo), t E (— 00, A“^), of 

the Ricci flow satisfying | Rmg^(j) \g^{t) < jSxi- This implies that gooit) is Type I at t = —00 

Fix at £ (—oo,A“^). By (ll.3p . gi{t) is a shrinking GRS. It is easy to check that {(Ad”, gi(t),/j(t), 
i^A f admissible sequence of pointed complete noncompact shrinking GRS. In particular, 

condition 3 in the definition of admissibility follows from 

C* Oi) < dg.{xi, Oi) < Cdg^^£^{xi,Oi) 

for some constant C independent of i. This inequality is due to the fact that a uniform curvature 
bound implies uniform metric equivalence for the Ricci flow (see, for example, [ 6 l Lemma 6.10]). The 
uniform curvature bound also implies uniform volume equivalence of unit balls. Hence, condition 4 
that injg.(j^(xj) > ri > 0 for an admissible sequence follows from a theorem of Gheeger, Gromov, and 
Taylor ([!]). Now we can apply Theorem 12.21 to the sequence {{M.^,gi{t), fi{t), j^j^,Xi)} to conclude 
that the limit goo{t)) is isometric to the product of M with a complete Riemannian manifold 

for each t. The constancy of the splitting of Ad(^ into M x A/"””^ for different t follows 
from the smooth dependence on t of the functions 

/ \-i /2 

F^"\x,t) = 2 - \/Ti{xi,t)), 

whose limits are used to define the splitting. Now the theorem is proved. □ □ 

Remark 2.2. If we combine Deng and Zhu’s discussion (]7l p. 12]) and Corollarv \2. 1\ and apply them 
to a complete noncompact shrinking Kdhler GRS, then we obtain a splitting of the form (M x x 
or C X IT”“^, where W is of complex dimension n — 1. 

3. Splitting at infinity of shrinking GRS with bounded curvature 

From Corollary 12.11 we obtain our main theorem, which has some flavor of the canonical neighbor¬ 
hood property. 

Theorem 3.1. Let (Ad”, g(t),/(t)), t E (—oo,l), be a complete noncompact n-noncollapsed {be¬ 
low a fixed scale) shrinking GRS in canonical form with bounded curvature. Then, for any e > 0 
there is a compact set <Z Ai such that for each x £ M. — there is an open set U d M. 
such that {U,g{t),x) is e-close for t £ (—— e) in the ^pointed Gheeger-Gromov sense to 
(^h^o)(^) ^ (_g.-i^g.-i^ ,h{t) + ds'^, {y, 0)), where y £ A/"””^ and where {Rf,h{t)), t £ (— 00 ,1), is a 
complete {possibly flat) n-noncollapsed {below some fixed scale) Type I ancient solution of Ricci flow 

with I Rmh(t) I < • 

Proof. Suppose that the theorem is false. Then there exists e > 0 and a sequence of points Xi 
00 without the stated property. On the other hand, by Corollary 12.11 {lAd. a(t).xfl}. t £ (—oo,l), 
subconverges to the product of M with a complete K-noncollapsed (below some fixed scale) Type I 
ancient solution {Af^~^,h{t)). Choosing i large enough leads to a contradiction. □ □ 

Remark 3.1. As explained in the introduction, in general the best result in the direction of Theorem 
\S.1\ one can hope for is that if curvature tensor Rm of a complete noncompact shrinking GRS does not 
limit to 0 at infinity, then (Ad”, 5 ) splits as the product o/M and a Riemannian manifold (AA”“^,/i). 

Now we give some conclusions related Theorem 13.11 assuming that the solution is K-noncollapsed 
below all scales. First, in dimension n = 4, the sectional curvature of h{t) is nonnegative by Chen [5]. 
If is compact, then by Ni |T9], {M,h{t)) is a spherical space form (note that a compact quotient 
of and 5^ x M are not /t-noncollapsed). If is noncompact, then h{t) is either R^, x R, its 
Z 2 -quotient, or has positive sectional curvature. 
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For the general case n > 4, we have outside a compact set K that V/ / 0 and u = is well 
defined. Let Sc = {/ = c}, which is a C°° hypersurface, and let = g — v* ® v* = 5|sc- Let 

FL)(x) = 2(^/f{x) — y/f{xi)). By the Gauss equations, 

Jl/2y2 p{i) =s7^f _ i 

2 / 

= - RCgT + - Rcg(i/, i^)u* ®v*- Rmg(z/, •, •, v) 

where II and H are the second fundamental form and mean curvature of Sc- By the theorem above, on 
AA the limit limj^oo(/^'^^V^FL)) = — Rch exists using Cheeger-Gromov convergence. Let p G A4. 

We have ^ — V^/(z^, i') = ■ v = o{d{-,p)~^) and V^/(X, u) = — • X = 0{d{-,p)~^) for 

unit X G TSc. 

Example. Let {Af^ ^, g, f) he a shrinking GRS. Define the shrinking GRS (A4”, g, f) hy M. = Af x 
9 = g+ds^Sids, and f{y, s) = f{y) + ^- Then = V^/+0((i(-,p)“^). 

There are implications of the works of Naber |18] and Cao and Zhang [2] on Type I ancient solutions. 
In particular, Cao and Zhang proved that, for any K-noncollapsed complete Type I ancient solution 
with nonnegative curvature operator, Naber’s complete shrinking GRS backward limit is necessarily 
nonflat. In view of Lemma 8.27 in [6], we may apply this to those shrinking GRS which are singularity 
models with nonnegative curvature operator. 


4. Standard point picking 


The results of this section are known consequences of standard techniques, going back to Hamilton. 
For convenience, we include the statements in the form we use. Let (AA"', g) be a complete noncompact 
Riemannian manifold satisfying 

(4.1) ACR = lim sup fi(0, x)^| Rm(x)| = oo for some O G A4. 

P^°°xeBp{o) 

We now describe the point picking argument, which enables us to construct sequences Xj —>■ oo such 
that gi = I Rmg(xi)| ■ g satishes (|2.1I1 in the admissible assumption. Let pj —>■ oo be a sequence. Choose 
Xi with Tj = dg{ 0 ,Xi) so that 


D (Pi - d) V|Rmg(xj)| 


— 1 — (5,; —>■ 1. 


(4.2) - ^_ . 

s'^Px€B^p.iO)dg{0,x) {pi - dg{0,x)) Vl Rmg(x)| 

Claim. Assume (14.11) . Then 

Ui = Ti^J \R-mg{xi)\ oo and ut = [p^ - ri)^J\RxQ^{^\ oo. 
Proof of the claim: We compute that 

1 aiUi 


a* Z a;/ 


Ui + iOi 


niPi - r)^| Rmg(xi)| 


= (1 - -50 • 

1 - 5i 


snp^eB$.(o) dg{0, x) {pi -dg{0,x)) V|Rmg(x)| 


> 


> 


1 


sup dg{0, x) \Rmg{x)\ 
sup dg{0,x)\/\Rnig{x)\ 

~><3 /^\ V 


oo as f —>■ oo 
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Hence a* ^ oo and oji —>■ oo. □ 

Then, for x G B%{0) = (O), 

Piy/\Kmg{xi)\ 

Rm fx)l<—__ 

dg{0,X){Pi-dg{0,X)) 

1 CXiOJi 


l-6i dg(0,x)A/|Ring(^(/9j - (ig(0,x)) Y^lRnig^^ 

1 ai uji 


I-Si ai + {dg{0,x) - Vi) y^l Rmg(xj)| Wj - {dg{0,x) - ri) Rmg(xi)| 

Let p G (0, oo). Suppose that x G BpBxi), which is equivalent to x G --—(xH. This implies 

p/y/\Ring{xi)\ 


that 


i.e., 


Thus: 


-pj ^1 Rmg(xj)| < dg {O, x) - Vi < p! y^l Rmg(xj)|, 
-P < {dg{0,x) - Ti) ■ Y^l Rmg(xj)| < p. 


Lemma 4.1. . Assume (14.11) and choose Xi as in (I4.2p . If x £ Bf (xj), then 

Rmg,(x) < ---, 

1 - 6i ai - p Ui - p 

where the RHS tends to 1 as i ^ oo. 


Corollary 4.1. Suppose that is a complete noncompact K-noncollapsed {on all scales) 

shrinking GRS satisfying dm) and |Rm| (x) = o{d{0,x)‘^), where O is a minimum point of f. Let 
Xi ^ oo be chosen as in dM])- Assume that Ki = |Rm| {xf) > c > 0 and 


(4.3) sup I • sup |VRc I j < oo for all p > 0. 

i y xeBp{xi) J 

Define gi = Kig. Let a he any eonstant in (0,1). 

Then {M."^,gi,Xi) converges in the pointed Cheeger-Gromov sense to a eomplete C^’“ Riemann- 

ian manifold (A4{^,goo,Xoo)r and (Alooffoo) is isometrie to the product o/M with a complete nonfiat 
Riemannian manifold {Af^~^,h). 


Proof. The corollary follows from the claim that {(A4, g'i,/, x^)} is an admissible sequence of 

complete noncompact shrinking GRS and from Theorem 12.21 

To see the claim, note that condition 5 follows from Lemma [4.11 Condition 4 follows from condition 
5 and the k- noncollapsing assumption. Condition 6 follows from assumption (14.3|) . Conditions 1 and 
2 follow from the definition and Aj = < c~^. 

Finally, to see condition 3, we compute that 


Kdg,{xi,0) = Kr^ • Kl^^dg{xi,0) 


dg {Xi , O ) 


K, 


1/2 


dg{xi, O) 
o{dg{xi,0) 


where we have used |Rm| (x) = o(fi(0,x)^) in the last equality. □ 


□ 
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